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Abstract- A dual style of fuzzy wavelets is 
proposed by employing dual opemtions in the conven-
tional fuzzy wavelets. Analysis/synthesis schemes of 
wavelets and image compression/reconstruction can be 
also formulated based on fuzzy relational calculus as 
the conventional fuzzy wavelets. In order to perform 
efficient image compression/reconstruction, a concept 
of alpha-band which is genemlization of alpha-cut, is 
also proposed as a thresholding of the dual wavelets. 
In the image compression/reconstruction experiment 
using test images extracted Standard Image DataBAse 
(SIDBA), the effectiveness of the proposed soft thresh-
olding is shown. Furthermore, differences between 
the proposed fuzzy wavelets. and the conventional one 
are shown through an experiment ·of image compres-
sion/reconstruction. 

Keywords: Fuzzy Relation, Ordered Struc-
ture, Image Compression/Reconstruction Mor-
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1 Introduction 
As one of major impulses to the development of signal 
processing, fuzzy wavelets have been proposed [6] [7] 
[10], especially, for image compression/reconstruction 
problem, two fuzzy wavelets have been proposed. First 
one is to formulate image compression/reconstruction 
problein as two dimensional signal interpolation prob-
lem by fuzzy systems (e.g., Takagi-Sugeno fuzzy sys-
tem) [11] (12]. Second one is to formulate formu-
late fuzzy wavelets based on fuzzy relational calcu-
lus by a fuzzification of morphological wavelets [3] 
[4]. The morphological wavelets employ ordered op-
erations (max, min, median etc) which are mainly used 
in fuzzy relational calculus, therefore, second style of 
fuzzy wavelets is more natural interpretation of fuzzy 
wavelets. This paper proposes a dual style of fuzzy 
wavelets by employing dual operations in the conven-
tional fuzzy wavelets [9] . Furthermore, in order to per-
form effective compression/reconstruction of images, a 
soft-thresholding defined by an alpha-band which is a 
generalization of alpha-cut [2], is proposed. By using 
the proposed alpha-band, a human subjectivity can be 

Figure 1: Overview of analysis and synthesis scheme 

applied to image compression/reconstruction, and the 
conventional fuzzy wavelets [11] [12] does not its capa-
bility. 

In Section 2, the morphological wavelets are for-
malized. Section 3 presents the fuzzification of the 
morphological wavelets . and its dual style To per-
form image compression/reconstruction efficiently, a 
concept of soft-thresholding is presented as the con-
cept of alpha-band. In Section 4, the effectiveness of 
the soft-thresholding is shown through the experiment 
of compression/reconstruction using test images ex-
tracted from Standard Image DataBAse (SIDBA). Fur-
thermore, differences between the proposed dual fuzzy 
wavelets and the conventional one are also shown. 

2 Morphological Wavelets 

2.1 Analysis and Synthesis by Morpho-
logical Wavelets 

Let Vj and Wj be the signal space at level j and the 
detail space at level j, respectively. Signal analysis con-
sists of decomposing a signal in direction of increasing 
j by means of signal analysis operators : Vj Vj+ 1 , 

and detail analysis operators : Vj Wj (Fig. 1). 
We have addition and subtraction operators +, 

on Vj such that = x 2 , for x1 ,x2  E Vj. 
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Given an input signal xo E Vo, we consider the follow-
ing recursive signal analysis scheme, called the pyramid 
transform: 

where 

and 

xo {xi,Y0}-+ {x2 ,y l , Y 0 }   . . .
· · · (1) 

(2) 

(3) 

The original signal xo E V0 can be exactly recon-
structed from Xk+l and yo, .. , Yk b y means of the 
backward recursion Xj = = k,k-
1, · · · , 0. The two dimensional case is as follows. By 
n, 2n we denote the points (m,n),(2m,2n) E Zx x Zy, 

Zx = {1,2, ... ,Zx}, Zy = {1,2, ... ,Zy}, respec-
tively, and by 2n+, 2n+, 2nt the points (2m + 1, 2n), 
(2m, 2n+1), (2m+1, 2n+1), respectively. The analysis 
operators are defined as 

T (n) 
(n) 

x(2n) ^ x(2n+) ^ x(2n+) ^ x(2nt), 

(4) 

where the operator ^ denotes 'min' and 
represent the vertical, horizontal, and diagonal detail 
signals, given by 

wh(x)(n) 

1 = (x(2n) - x(2n+) +x(2n+) -x(2nt)), 

1 
= (x(2n)- x(2n+) +x(2n+) -x(2nt)), 

1 
= (x(2n) - x(2n+)- x(2n+) - x(2nt)). 

(5) 

The synthesis operators are given by 

= 

= x(n), (6) 

and 

= + V + 
v(yh(n) V 

V 
V{ -yh(n)- V 0, 

= V 
v(yh(n)- V 0, 

= V (yd(n) -
V(yd(n) - V 0, (7) 

where the operator V denotes 'max' and we write y E 
W1 as y = (Yv,Yh,Yd)· 

Example) 

Aust. Journal of Intelligent Jnfo. Processing Systems 

x(2n) Wavelet Y.(nl 
Transform 

Figure 2: Two-dimensional wavelet transform an input 
signal x to a scaled signal x1 and the vertical, horizon-
tal, and diagonal signals, Yh, Yd, respectively. 

The original image 'Lenna' and the corresponding de-
composed images obtained by Eqs. (4)- (7) are shown 
in Fig. 3. Figure 3 (right) corresponds to the signal 
and detailed image. The histogram of frequency with 
respect to intensity of signal space x1 , horizontal space 
Yh, vertical space yv, diagonal space Yd, are shown in 
Figs. 4 and 5. 

Figure 3: Original image 'Lenna' (left) and the decom-
posed image (right) 

Figure 4: Frequency histogram with respect to inten-
sity, X1 (left), yv (right) of 'Lenna' 

2.2 Image Compression and Recon-
struction by Thresholding 

In the case of the wavelets, an image compression and 
reconstruction can be achieved by thresholding the fre-
quency histogram shown in Fig. 6. The thresholding 
of the histogram corresponds to replacing the pixels 
which are greater/smallerthan the upper/lower thresh-
old value by zero. It is called a hard thresholding. The 
larger the width of between upper and lower threshold 
values, the better quality of the reconstructed images, 
however the larger the size of compressed image, and 
vice versa. 
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Figure 5: Frequency histogram with respect to inten-
sity, Yh (left}, Yd (right} of 'Lenna' 
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Figure 6: Thresholding of histogram, before (upper), 
and after (lower) 

3 Dual Fuzzy Wavelets 

3.1 Fuzzification 
wavelets 

of morphological 

By using a normalization of the original image x0 E V, 
of the size Zx x Zy, i.e., normalizing the range of the 
brightness level {0, ... , 255} into a closed unit interval 
(0, 1] (= U), the original signal x0 can be embedded 
in fuzzy relation x0 E F(Zx X Zy),  Zx = {1, ... , Zx}, 
Zy = {1, ... , Z y }  (Fig. 7) [5] [8] The transformed sig-
nals ... ,yo} also correspond to fuzzy 
relations by normalizing the brightness level into U. 

The analysis/synthesis schemes (defined as Eqs. (1) 
- (7) based on ordered operators) c a n  be used in the 
setting of the fuzzy relations. The fuzzy relational cal-
culus mainly employ the ordered operators (min, max, 
etc) to deal with fuzzy relations, therefore, this fuzzifi-
cation of morphological is more natural interpretation 
of fuzzy wavelets. 
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Figure 7: Original Image Representation by Fuzzy Re-
lation 

3.2 Formalization 
wavelets 

of dual fuzzy 

In the case of conventional fuzzy wavelets, analysis and 
synthesis scheme are performed by using min (Eq. (4)) 
and max (Eq. (7)) operations, respectively. By employ-
ing dual operations of the conventional fuzzy wavelets, 
a dual style of the fuzzy wavelets is proposed. The 
analysis operators are defined as 

(n) = x(2n) V x(2n+) V x(2n+) V 
= 

(8) 
where the operator V denotes 'max' and 
represent the vertical, horizontal, and diagonal deta.il 
signals, given by 
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1 
(x(2n)- x(2n+) + x(2n+)-

1 
2 (x(2n)- x(2n+) +x(2n+) -

= (x(2n)- x(2n+) - x(2n+)-

(9) 
The synthesis operators are given by 

- = 
= = x(n), (10) 

and 

= (yv(n) + Yh{n)) /\ (y.,(n) + Yh(n)) 
^(yh(n) + Yd{n)) /\ 0, 

w!(y)(2n+) = (y.,(n) - Yh(n)) /\ (y.,(n)- Yd(n)) 
/\(-yh(n) - Yd(n}) /\ 0, 

= (Yh(n)- yv(n)) /\ (y.,(n)- Yd(n)) 
^ (yh(n)- Yd(n)) /\ 0, 

= -(y.,(n)- Yh(n)) ^ (yd(n)- yv(n)) 
^(yd(n)- Yh(n)) /\ 0, {11) 

where the operator/\ denotes 'min' and we write yE 
W1 as y = (yv, Yh, Yd)· 
Example) 

The original image 'Lenna' and the corresponding de-
composed images obtained by Eqs. {8) - (11) are shown 
in Fig. 3. Figure 3 (right) corresponds to the signal and 
detailed image. 
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Figure 8: Original image 'Lenna' {left) and the decom-
posed image (right) 

3.3 Hard Alpha Band {Hard Thresh-
olding) 

The hard alpha-band is a sub-closed interval of U de-
fined as 

c U, {12) 

where U). 

By using the hard alpha-band, the thresholding of 
the fuzzy relation x0 is performed as follows: 

{n) = { xo(n) if xo(n) E 
0 0 o t h e r w i s e .  {13) 

The filtering process based on the hard alpha-band is 
equivalent to the ordinal hard-thresholding as follows: 

flist (u) = { if u (14) 
0 otherwise, 

where H istx0 denotes the frequency histogram of the 
pixels of the fuzzy relation xo with respect to the bright-
ness level u. This correspondence is shown in Fig. 9. 
Through the thresholding by Eqs. (13) and (14), the 
processed fuzzy relation xo is obtained. The image 
compression/reconstruction can be achieved by apply-
ing an entropy coding [13] [14] [15] to the processed 
fuzzy relation xo. 

3.4 Soft Alpha B a n d  (Soft Threshold-
ing) 

In the case of hard thresholding, all pixels which are are 
greater/ smaller than the upper /lower threshold value, 
are replaced by zero, however, to remain some pixels 
yields to improve the quality of reconstructed image. 
To achieve such the thresholding, i.e., a soft threshold-
ing is proposed based on a soft alpha-band. The soft 
alpha-band is defined by two fuzzy number as 

( - (!) -(c) -(u)) a1 ,a1 ,a1 , 

- (c) au ,au ' 
(15) 
(16) 

where c), and denote the lower bound, the 
center point, and the upper bound of the fuzzy number 

respectively, and the example is shown in Fig. 10. 
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Figure 9: Correspondence of the filtering of fuzzy relation 
(upper) and histogram {lower) 

Figure 10: Example of definitions of fuzzy number of alpha-
band (left) and interval (right) 

By using the soft alpha-band, the filtering of the 
fuzzy relation x 0 is performed as follows: 

{ 

xo(n) if xo(n) E 

= Softz(xo(n)) xo(n) E 
xo(n) E 

otherwise, 
(17) 

where and produce xo(n) 
with being the probability p E [0, 1] defined as 

{ 
- (cl _ if 

p = a 
if Softu(xo(n)). 

{18) 

The proposed soft thresholding can improve the qual-
ity of the reconstructed image compared with the hard 
thresholding. The other types of fuzzy numbers (Gaus-
sian etc) are used as the bound of the alpha-interval. 
The fuzzy set theory can be applied to the soft thresh-
olding expressed by the fuzzy numbers, and many im-
provements also may be proposed in terms of the hu-
man perspectives and subjective. 
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Figure 11: Correspondence of the soft filtering of fuzzy 
relation (upper) and h i s t o g r a m  {lower) 

4 Experimental Comparisons 

4.1 Comparison of Soft and Hard-
thresholding in Fuzzy Wavelets 

In the experiment of image compression and recon-
struction, a comparison of the hard thresholding and 
the soft thresholding is performed, where the analy-
sis and synthesis schemes are performed by Eqs. {4) 
- (5), and Eqs. {6) - (7), respectively. The con-
ditions of the soft thresholding are defined as condi-
tion 1 : = c) - 0.04, + 0.04), = 

- 0.04, + 0.04), condition 2 : = c) -
0 08 -{c) 08} (-{c) 0 08 -(c) 08) . , , . ' = - . , , . , 
and condition 3 : = c) - 0.12, + 0.12), 

= - 0.12, + 0.12), respectively. The 
test image of the size 256 x 256 pixels is shown in Fig. 
3. 

Figure 12 shows the result of measurement of Root 
Mean Square Errors (RMSE) with respect to the file 
size of compressed image, where the file size is adjusted 
by changing the values and As can be seen 

RMSE 
30 

25 

20 

15 

10 

35000 40000 -45000 50000 55000 60000 &5000 70000 75000 

File Size of Compressed Image 

Figure 12: RMSE comparison with respect to the file 
size of compressed image (original image= Lenna) 
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form Fig. 12, the effectiveness of the soft threshold-
ing (specially, the condition-3) is confirmed. Figure 13 
shows the reconstructed images obtained by the hard 
thresholding and the soft thresholding with the com-
pression size being the same. It is confirmed the effec-
tiveness of the proposed thresholding as shown in Fig. 
13. 

Figure 13: Reconstructed images, hard threshold {left: 
RMSE = 21.23), soft threshold with condition 3 (right: 
RMSE = 18.53) 

4.2 Comparison 
thresholding 
Wavelets 

of Soft and 
in Dual 

Hard-
Fuzzy 

This subsection shows experiments of image compres-
sion and reconstruction in order to compare the hard 
and soft thresholding of the dual fuzzy wavelets, where 
the analysis and synthesis schemes are performed by 
Eqs. (8) - (9), and Eqs. (10) - (11), respectively. The 
conditions of the soft thresholding are defined as con-
dition 1 : = c) - 0.04, + 0.04), = 

- 0.04, 0.04), condition 2 : = 
0.08, c), c) +0.08), = -0.08, +0.08), 
and condition 3 : = 0.12, c), + 0.12), 

= - 0.12, + 0.12), respectively. The 
test image of the size 256 x 256 pi.xels is shown in Fig. 
3. 

Figure 14 shows the result of measurement of Root 
Mean Square Errors (RMSE) with respect to the file 
size of compressed image, where the file size is adjusted 
by changing the values and As can be seen 

RMSE 

20 

Thresholding {Cond. 1 

Hard Thresholdlng 

Soll lhresholding{Cond.2)J 

l 15 

Soft Thresholdlng (Cond. 

File Size of Compnessed Image 

Figure 14: RMSE comparison with respect to the file 
size of compressed image (original image = Lenna) 

form Fig. 14, the effectiveness of the soft threshold-

109 

Aust. Journal of Intelligent /nfo. Processing Systems 



110 

ing (specially, the condition-3) is confirmed. Figure 15 
shows the reconstructed images obtained by the hard 
thresholding and the soft thresholding with the com-
pression size being the same. It is confirmed the effec-
tiveness of the proposed thresholding as shown in Fig. 
15. 

Figure 15: Reconstructed images, hard threshold (left: 
RMSE = 17.65}, soft threshold with condition 3 (right: 
RMSE = 15.71} 

4.3 Comparison of Fuzzy Wavelets and 
Dual Fuzzy Wavelets 

In this subsection, a comparison of the conventional 
fuzzy wavelets with the proposed dual fuzzy wavelets 
is shown. The conventional fuzzy wavelets (9].and dual 
fuzzy wavelets correspond to "min fuzzy wavelets" and 
"max fuzzy wavelets'' , respectively. The original test 
images and the corresponding histograms are shown in 
Figs. 16- 19. Figures 20- 23 show the RMSE compar-
ison with respect to the file size of compressed image, 
respectively. From the RMSE comparison of Figs. 21 
and 22 (correspond to the compression and reconstruc-
tion results of Figs. 17 and 18) we confirm that the 
performance of the dual fuzzy wavelets is better than 
that of the conventional fuzzy wavelets, due to the pix-
els distributed in higher brightness range. On the other 
hand, in the case of Fig. 19 with the pixels distributed 
in lower brightness range, we confirm that the perfor-
mance of the conventional fuzzy wavelets is better that 
of the dual fuzzy wavelets. 

5 Conclusions 
A dual concept of fuzzy wavelets has been proposed 
by employing dual operations of the conventional 

Figure 16: Original Image 'Lenna' and corresponding His-
togram 
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Figure 17: Original Image 'Airplane' and corresponding 
Histogram 

.. 
Figure 18: Original Image 'Boat' and corresponding His-
togram 

Figure 19: Original Image 'Text' and corresponding His-
togram 
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F i l e  Size of Compressed Image 

Figure 20: RMSE comparison with respect to the file 
size of compressed image (original image= Lenna) 
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Figure 21: RMSE comparison with respect to the file 
size of compressed image (original image = Airplane) 

RMSE 

12 

66ooo 

Min Fuzzy Wavelets 
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Figure 22: RMSE comparison with respect to the file 
size of compressed image (original image = Boat) 

RMSE 
35 

25 

15 Min Fuzzy Wavelets 
(Conventional) 

Max Fuzzy Wavelets 
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File Size of Compressed Image 

Figure 23: RMSE comparison with respect to the file 
size of compressed image (original image = Text) 
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fuzzy wavelets. The analysis/synthesis and compres-
sion/reconstruction of the original image are formu-
lated based on the fuzzy relational calculus. In order to 
perform an efficient compression/reconstruction in the 
proposed dual fuzzy wavelets, a soft threshold scheme 
has been presented by using an alpha-band of the 
fuzzy relation which is equivalent to the original image. 
Through the experiment using test image extracted 
from SIDBA (Standard Image DataBAse), it has been 
confirmed that the effectiveness of the proposed soft 
threshold scheme in the dual fuzzy wavelets. Further-
more, a comparison of the proposed fuzzy wavelets with 
the conventional fuzzy wavelets has been performed by 
using test images of SIDBA. In the comparison, the 
dual fuzzy wavelets are better than that of the fuzzy 
wavelets under the condition that the pixel of the orig-
inal image are distributed in higher brightness range, 
whereas, in the_ case of the pixel of the original im-
age are distributed in lower brightness range, the fuzzy 
wavelets are better th_an that of the dual fuzzy wavelets. 

The fuzzy wavelets based on ordered structure can be 
extended by using the different operations, i.e., median, 
or other rank operations and it will be a future study. 
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